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(1) Assume that I buy a new box every day - we’ll correct the result for this assumption at the end. Let
X be a random variable denoting the days it will take you to get all the toys. Let Xi be a random
variable denoting the days it will take you to get the i-th toy, after you already got the previous toy.
Then we’re interested in finding E[X] =

∑
i E[Xi].

Now let Yi be a random variable denoting a number of i-th toys I would get in n, a fixed number of
days. Assume that probability of getting the i-th toy is pi and that n = E[Xi], then E[Yi] = n · pi = 1,
since by construction E[Xi] equals the expected number of days it will take to get the i-th toy. Now
we see that E[Xi] = 1

pi
= p−1i . Probability of getting one new toy if I have none p1 = 1, because no

matter which toy I get it will be a one I didn’t have before. Probability of getting a second toy p2 = 3
4 ,

since 3 out of 4 possible contents of a box will bring me a new toy. Similarly, p3 = 1
2 and p4 = 1

4 . Now
we just need to correct for the initial assumption that we buy a new box every day, so the number

we’re looking for is E[Xcorr] = 1 + 3 · (4

3
+ 2 + 4) = 1 + 4 + 6 + 12 = 23. Because p1 = 1 it will only

take us 1 day to get the first toy. However, for every other toy it will take us 3 days for every single
day we counted under the assumption that a new box is bought every day. Hence, we expect it to take
23 days to maximize Nala’s happiness.

(2) a) The acceptance rate of male students in D1 is 45/65 ≈ 0.69. The acceptance rate of female students
in D1 is 9/10 = 0.90. That is, the acceptance rate of female students is higher than the acceptance
rate for male students in D1. The acceptance rate of male students in D2 is 2/5 = 0.40. The
acceptance rate of female students in D2 is 9/30 = 0.45. That is, the acceptance rate of female
students is higher than the acceptance rate for male students in D2.

b) The university accepts 45 + 2 = 47 male students, i.e. the acceptance rate of male students is
47/70 ≈ 0.67. The university accepts 9 + 9 = 18 female students, i.e. the acceptance rate of
female students is 18/30 = 0.60. That is, the acceptance rate of female students is lower than the
acceptance rate for male students in the whole university.

c) This counterintuitive example is an instance of Simpson’s Paradox. Read more about it in the
Stanford Encyclopedia of Philosophy (http://plato.stanford.edu/entries/paradox-simpson/).

(3) The only way for Z = ∅ to block a path is if there are converging arrows, respectively a head-to-head
meeting (Neapolitan), in the path ρ. To be d–separated by Z = ∅ this path has to be the only path
between X1 and Xn. We choose the simple graph with n = 3

X2

X3X1

and path ρ = [X1, X2, X3]. X2 has converging arrows, X2 6∈ Z = ∅ and X2 does not have descendants.

(4) A ⊥⊥ E|B,C and E ⊥⊥ B|C. These again do not follow directly from the PMC. In both cases there is
only one path between the nodes in question and the given set of nodes blocks it since it does not have
converging arrows.

(5) A ⊥⊥ B|F and C ⊥⊥ E|B. These do not follow directly from the PMC since the given nodes are not
parents of the nodes in question. In both cases there are two paths between the nodes in question. For
the given independencies we define ZA ⊥⊥ B|F := {F,G} and ZC ⊥⊥ E|B := {A,B, F,G}. The paths that



include node D are blocked by these two sets, because ZA ⊥⊥ B|F 63 D 6∈ ZC ⊥⊥ E|B , D has converging
arrows and no descendants. In the other paths the nodes F ∈ ZA ⊥⊥ B|F , respectively B ∈ ZC ⊥⊥ E|B do
not have converging arrows.

(6) a) (⇒) If X and Y are connected by only one edge, no set can block the undirected path or chain
consisting of the one arrow between them.

(⇐) We show the contraposition. Suppose X and Y are not connected by only one edge. Either
there is no directed path from X to Y or there is no directed path from Y to X, as G is acyclic.
Without loss of generality, assume there is no directed path from Y to X.

We show that X and Y are d-separated by the set PAY containing all the parents of Y . Any
undirected path or chain between X and Y , such that the edge incident to Y has its arrow head
at Y , is blocked by PAY . Any chain between X and Y , such that the arrow incident to Y has
its tail at Y , must have a head-to-head meeting on the chain towards X. (Otherwise there would
be a directed path from Y to X.) Consider the head-to-head node Z closest to Y on the chain
towards X. Z is not a parent of Y , as G is acyclic. Hence, this chain is blocked by PAY . The
reasoning applies to any chain between X and Y .

b) We show 1⇒ 2⇒ 3⇒ 1.

1⇒ 2: Suppose X −Z − Y is a head-to-head meeting. Since X and Y are not connected by only
one arrow, some set d-separates them (see Problem (2)). If it contained Z, it would not block the
chain X − Z − Y , which means it would not d-separate X and Y . So it does not contain Z.

2⇒ 3: Suppose there exists a set A not containing Z that d-separates X and Y . Then the meeting
X − Z − Y must be head-to-head because otherwise the chain X − Z − Y would not be blocked
by A. However, this means any set containing Z does not block X − Z − Y , and therefore does
not d-separate X and Y .

3⇒ 1: We show the contraposition. Suppose X −Z − Y is not a head-to-head meeting. Since X
and Y are not connected by only one arrow, some set d-separates them (see Problem (2)). That
set must contain Z because it must block X−Z−Y . So it is not the case that all sets containing
Z do not d-separate X and Y .


