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Problem Set 6, due November 26th at the lecture

From now on, please hand in your solutions at the lecture. Please hand in your solutions in paper if possible.

Please solve the following problems. Make sure to explain your reasoning. You get 5 points for each problem
if the calculation is correct and if the reasoning is well-explained.

(1) Let X,Y, Z be binary random variables. Determine the logical relation between the following two
statements:

a) P (X,Y ) = P (X)P (Y ), P (X,Z) = P (X)P (Z), and P (Z, Y ) = P (Z)P (Y ) are all true.

b) P (X,Y, Z) = P (X)P (Y )P (Z) holds.

(2) Let X be a random variable that takes on only non-negative integer values with E(X) = 1, E(X2) = 2,
and E(X3) = 5. What is the smallest possible value of the probability of the event X = 0?

(3) Let A,B,C be propositional variables with the Bayesian network beneath enconding their indepen-
dencies. Assume moreover that P (A) = 0.2, P (B | A) = 0.3, P (B | ¬A) = 0.6, P (C | B) = 0.1, P (C |
¬B) = 0.4.

A B C

a) Specify one different Bayes Net that represents the same probability function with the same
number of arrows in the DAG. (By specifying is meant that you give enough information so that
any specific marginal probability can be determined.)

b) How many different BNs are there which represent the same probability function that have only
two arrows in the DAG.

c) Draw all these DAGs.

(4) Assume that A = {A,¬A} and H = {H,¬H} are two propositional variables. Use the equations (a)
and (b) from the bonus question to show that using P (A | H) when forecasting A minimizes the Brier
score, if we know that H. (Clearly indicate what you’re stating, any ambiguity will be penalised!)

Can you spot the hidden assumption? Answer in a sentence. (Not graded.)

Hint: Think of a predictor as a function of your belief of H and use suitable random variables for
modeling A and H.

(5) Consider the following problem from Neapolitan (adopted from Neapolitan, ex. 1.25): “Tuberculosis
(T ) and lung cancer (C) can each cause shortness of breath (dyspnea, D) and a positive chest X-ray
(X). Bronchitis (B) is another cause of dyspnea. A recent visit to Asia (A) can increase the probability
of tuberculosis. Smoking (S) can cause both lung cancer and bronchitis.”

a) Draw a BN representing the causal relationships among these variables.

b) Write down all the independencies between the non-root nodes that are due to the d-separation
by the ∅.

(6) Let P be a distribution over the three binary random variables S (shape), V (value), and C (colour)
describing the objects depicted in Fig. 1.



a) Define P in accordance to the principle of indifference (e.g. imagine that you’re drawing from an
urn containing only and all of these thirteen objects).

b) Show that V ⊥⊥ S|C and S ⊥⊥ V |C under P .

c) Draw at least one DAG according to these variables and assignments for which P satisfies the
Markov condition.

Figure 1: The collection of objects with three distinct characteristics (from Neapolitan, p. 12).

(7) (BONUS QUESTION, NOT GRADED) Sprenger and Hartmann (p. 12) talk about a type of epistemic
arguments for learning by conditionalization that appeal to the minimization of the distance between
an agent’s beliefs and the truth. The Brier score is a proper scoring rule commonly used as a metric.

Let ft ∈ [0, 1] and ot ∈ {0, 1} be the forecasted probability, and the actual outcome of a specific event
E indexed by t, respectively. The Brier score for a set of predictions is then calculated as follows:

B =
1

n

n∑
t=1

(ot − ft)
2

If we’re only asked for a prediction of single event, say A, then the accuracy of the prediction fA
measured with B is:

B = (oA − fA)2

Let X,Y be two random variables. Prove the following two statements:

(a) argmin
f

E[(X − f)2] = E[X]

(b) argmin
f

E[(X − f(Y ))2] = E[X | Y ]

Comment: The expression argmin
f

g(f) = x denotes a (possibly unique or non-existent) argument of

f = x, s.t., ∀y : g(y) ≥ g(x).

Hint: Use the law of iterated expectation you proved in the problem set 4, ex. 2.

(c) What is the minimum expected value B of predicting a value of X ∼ Binomial(n, p), given that
nothing else is known? Hint: Use results from the previous part.


