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Problem Set 4, due November 12th at the lecture

From now on, please hand in your solutions at the lecture. Please hand in your solutions in paper if possible.

Please solve the following problems. Make sure to explain your reasoning. You get 5 points for each problem
if the calculation is correct and if the reasoning is well-explained.

(1) Let X,Y be random variables. Consider the following two functions var(X) = E[(X − E[X])2] and
cov(X,Y ) = E[(X − E[X])(Y − E[Y ])].

a) Prove that var(X) = cov(X,X).

b) Prove that var(X) = E[X2]− E[X]2

c) Prove that cov(X,Y ) = E[XY ]− E[X]E[Y ]

d) Let Y : Ω → R be a random variable modelling a roll of a fair k-sided die. Calculate E(Y ) and
var(Y ).

Hint: You may use E[X + Y ] = E[X] + E[Y ] which we showed in the tutorials and 1d) from problem
set 3.

(2) Assuming that X,Y : Ω→ R are r.v.’s defined over the same Ω. You can assume Ω is finite.

a) Prove that EY (EX|Y (X | Y )) = E(X). Write down all the steps!

b) Can X,Y take on an infinite number of values? Explain in a sentence.

Remark: EX|Y (X | Y ) denotes a r.v. with

EX|Y (X | Y ) : Y → R, y 7→ E(X | Y = y) :=
∑
x∈R

P (X = x | Y = y)x

(3) My senior dog Nala likes to bark at squirrels. The probability that a squirrel will come to a tree next
to my house is 0.6. If there’s a squirrel on the tree Nala will bark at it with probability 0.8. If there’s
no squirrel on the tree she’ll bark at the tree with probability 0.3.

a) Define two propositional variables related to the mentioned probabilities.

b) Draw a DAG (directed acyclic graph) representing the probabilistic relationships between the
variables defined in (a).

c) I hear Nala barking. What’s the probability there’s no squirrel?

(4) Let P be a probability distribution on the propositional variables H and E. Furthermore,

P (H,E) = 0.3,

P (H,¬E) = 0.4 and

P (¬H,E) = 0.1.

Note that A is said to confirm B if P (B|A) > P (B), i.e. if the posterior probability of B (after learning
A) is greater than the prior probability of B. A is said to disconfirm B if it’s the other way around.
Please answer:

a) What is P (¬H,¬E)?

b) What are P (H) and P (E)?

c) What is P (H|E)?



d) Does E confirm H?

e) Does ¬E disconfirm H?

(5) Find all the conditional independencies that hold in the Bayesian Network below by virtue of the
Parental Markov Condition (PMC). Use the denotation from the lecture, i.e. · ⊥⊥ · | ·

A B C

D E

Definition: The Parental Markov Condition (PMC) says that a random variable X is conditionally
independent of any of its non-descendants Y, conditional on all the parents of X.

(6) Consider the following Bayesian Network:

A B C D

a) Write down the prior and conditional probabilities needed so that the network is fully specified.
Then, with the help of the PMC, calculate P(C|A,B) in terms of those probabilities.

b) According to the PMC, D⊥⊥ A|C for the Bayesian Network from exercise (6). It is intuitive that
D⊥⊥ A|B should also hold. Use the Semi-Graphoid Axioms to show explicitly that it does.

Study Question: Ask one interesting question on the first chapter of Neapolitan (2003).


