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Central Topics in the Philosophy of Science

Problem Set 3, due November 5th at the lecture

From now on, please hand in your solutions at the lecture. Please hand in your solutions in paper if possible.
The tutorial will be shifted to Thurdays from 6-8pm from next week onward.

Please solve the following problems. Make sure to explain your reasoning. You get 5 points for each problem
if the calculation is correct and if the reasoning is well-explained.

(1) Prove the following statements:

a) If P (A) = P (B) = 2/3, then P (A|B) ≥ 1/2

b) P (A,¬B,C) = P (C|A,¬B) · P (A|¬B) · (1− P (B))

c) P (H|E) =
P (H) · P (E|H)

P (H) · P (E|H) + P (¬H) · P (E|¬H)

d) Let 〈Ω, P 〉 be a probability space with | Ω |< ∞. Let E, a, b ∈ R, X : Ω 7→ R be the expected
value, two constants and a discrete random variable, respectively. Then E(b+a ·X) = b+a ·E(X).

e) Independence conditional on a tautology or certain truth (represented by Ω ∈ F , P (Ω) = 1) is
equivalent to unconditional independence.

(2) Let A,B and C be binary random variables that can take the values ±1.

a) Assume that E(AB) = 1. What can you learn about the probabilities related to A and B?

b) Assume further that E(AC) = 1. What can you learn now?

c) Based on the previous assumptions, prove that E(BC) = 1.

Hint: Use the law of total probability in a reductio ad absurdum argument.

(3) Let (Ω, P, 2Ω) be a probability space where |Ω| <∞, 2Ω denotes the powerset of Ω, and let X : Ω→ R
be a random variable. The distribution PX of X is defined by

PX(A′) := P ({ω ∈ Ω : X(ω) ∈ A′}) for all A′ ∈ 2Im(X)

The so-called probability mass function fX : R → [0, 1] of X is used among other things to visualise
distributions. It is straight forwardly defined by

fX : x 7→ P (X = x).

Define a proper Ω, P, and X for each of the following cases. Moreover, plot a probability mass function
fX for each X.

a) X models the roll of a fair 6-sided dice.

b) X models the roll of a 6-sided dice that is unfair showing a 6 twice as often as a 2, 3, 4 or 5 and
a 1 half as often as a 2, 3, 4, or 5. The outcomes of a 2, 3, 4, or 5 are equally probable.

c) X models the roll of two dices (the sum of the dice) each having six sides.

You can use pen and paper or computer software to draw the plots.

(4) In the following quote, Laplace (1814/1951, p. 6–7) motivates the classical interpretation of probability:



The theory of chance consists in reducing all the events of the same kind to a certain number
of cases equally possible, that is to say, to such as we may be equally undecided about their
regard to their existence, and in determining the number of cases favorable to the event
whose probability is sought. The ratio of this number to that of all the cases possible is the
measure of this probability, which is thus simply a fraction whose numerator is the number
of favorable cases and whose denominator is the number of all possible cases.

Laplace’s approach has been criticised as being too narrow for many modern applications of probability.
Please argue for or against Laplace’s interpretation with respect to each of the listed examples. Name
the “equally possible cases” if Laplace’s interpretation is applicable. Otherwise, explain shortly why it
is not applicable.

a) The outcome of the roll of two dice.

b) The question of Problem Set 2, problem (5), concerning the girl-scout-sisters.

c) The decay of a single atom of a radioactive element.

d) Bayern Munich winning the Champions League.

e) The probability that the “big bang theory” (The scientific theory, not the tv series.) is correct.

(5) Rowbottom (p. 100) introduces, referring to von Mises, the law of stability concerning collectives: “The
relative frequencies of attributes in collectives become increasingly stable as observation increase.” The
strong law of large numbers is a mathematical consequence of this law. It says (in a simplified, but still
correct version):

Let X1, X2, . . . be a series of independent and identically distributed random variables with finite
values. Then:

1

N

N∑
i=1

Xi → E(X1) almost certain.

Why does this law not apply to the following examples from Hájek (2009)?

a) Explain the (strong or weak, both are fine) law of large numbers in your own words. (max 4
sentences)

b) HT HHTT HHHHTTTT HHHHHHHHTTTTTTTT,. . . with H,T ∈ N denoting constants (cf.
Rowbottom, p. 98)

c) 1, 3, 2, 5, 7, 4, 9, 11, 6, . . . (cf. Rowbottom, p. 111)

(6) We say that a Bayesian agent’s beliefs are incoherent if the beliefs violate (at least one of) the Kol-
mogorov axioms. As we have seen, if an agent has incoherent probabilistic beliefs, you can place a
specifically designed bet, a Dutch book, against her in which you gain money.

Explain the violation of the probability axioms and define a Dutch book for the following scenario.

• You flip a fair coin two times in a row. Bob believes the probability of showing heads and showing
tails is 2/3 each.

Explain why Bob considers your Dutch book to be ‘fair’.

Study Question In TV or in the radio you often hear about the probability of rain in Munich tomorrow. What does
probability mean in this context? (Bayesian, frequentist, propensity, something else?) Check out how
meteorologists come up with these numbers.


