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(1) a) The number of all permutations is given by n!. We have n options for where to put the first object,
if this is fixed we have (n− 1) options for the second and so on. (1.5 P)

b) Since order doesn’t matter we use binomial coefficient,(
n

k

)
=

n!

k! · (n− k)!

. The argument goes as follows: Assume that order would matter, then we have n(n− 1) · · · (n−
(k− 1)) ways to pick k elements. However, some tuples would consist in the same set, so we have
to divide the number of options by the number of options we counted several times. The first
element could be at k other spots, the second at k − 1 and so on. You could say they fall under
the same equivalence class. Thus the number of ways we can draw k many different objects from
a n elementic set if order does not matter is

n · · · (n− (k − 1))

k!
=

(
n

k

)
.

(1.5 P)

c) There are 9!
(9−4)! = 3024 overall possible draws. Probability of one such specific draw is thus 1

3024 .

Let say we drew 4 balls, such that one of them is green and one of them blue. For the other 2
balls we have (9 − 2) · (9 − 2 − 1) = 42 possible choices. Each of these 42 possible combinations
of 4 balls can be ordered in 4! = 24 ways. Hence, there are 42 · 24 = 1008 favourable draws of 4
balls, such that the green and the blue ball have been drawn. The probability of success is thus
1008
3024 = 1

3 .(2 P)

(2) a) The binomial coefficient pops up as a special case of the multinomial if we have two boxes with
k1 ∈ {0, . . . , n} and k2 := n− k1. Notice that k1 + k2 = n is satisfied. We get(

n

k1, k2

)
=

(
n

k1, n− k1

)
=

n!

k1! · (n− k1)!
=

(
n

k1

)
(1 P)

Notice that the term on the very right hand side uses standard binomial notation.

b) Let n be arbitrary. We prove the statement by induction over m.

Base Case:

We first check the base case m = 1. Then, n = k1 and we get(
n

k1

)
=

(
n

n

)
=

n!

n!
= 1

Which is correct because there is only one way to put n balls into one box if order does not matter.
(0.5 P)

Induction Hypotheses:



Assume the equation holds for an arbitrary but fixed m and for all k1, . . . , km ∈ N0 satisfying
m∑
j=1

kj = n.(0.5 P)

Now, we consider a case where we have m+1 boxes. Assume we now merge the m-th and the
m+1-th box in one. Then, the total number of boxes is m, the total number of elements still n
and we can make use of our induction hypotheses. Thus, it holds that:(

n

k1, k2, . . . , km + km+1

)
=

n!
m−1∏
i=1

ki! · (km + km+1)!

. (1)

Then, we take the last box with km +km+1 elements that we just merged and split it in two again,
one box with km elements and one box with km+1 elements. How many options are there to do
so? As we know from a) this is exactly what the binomial coefficient(

km + km+1

km

)
=

(km + km+1)!

km!km+1!
(2)

gives us. Therefore, for any other option we had before we can now shuffle the elements in the
last box around. Hence,(

n

k1, k2, . . . , km, km+1

)
=

(
n

k1, k2, . . . , km + km+1

)(
km + km+1

km

)
.

If we now plug in (1) and (2), we get:

n!
m−1∏
i=1

ki! · (km + km+1)!

(km + km+1)!

km!km+1!
=

n!
m+1∏
i=1

ki!

.

That is exactly what we wanted to show.(2 P)

c) The question is again in how many ways can we put the n elements in the m boxes if order inside
the boxes does not matter. If we think of it in purely combinatorical ways we know that we have(
k1+···+km

km

)
options for defining a km elementic subset. (To put balls in box m and a big other

box, k1 + · · · + km−1 elements big.) If we now consider the big box and split it in two we get(
k1+···+km−1

km−1

)
options to put the balls in the boxes. Going so on and so forth we get(

k1
k1

)(
k1 + k2

k2

)
· · ·
(
k1 + · · ·+ km

km

)
options. Which is after a lot of terms cut out exactly n!

m+1∏
i=1

ki!

.(1 P)

(3) a) There are 25 = 32 possible outcomes for the coin flips. There are
(
5
2

)
= 10 and

(
5
3

)
= 10 ways for

5 coin flips to result in 2 and 3 heads, respectively. Therefore, the probability of R. winning one
round is 10+10

32 = 0.625. (1.5 P)

b) Let the random variable “X” model Rowbottom’s payoff of a single set of coin-flips. R.’s expected
gain per round (in £) therefore equals the expected value of X:

E(X) = P (X = 10) · 10 + P (X = −10) · (−10) = 0.625 · 10 + (1− 0.625) · −10 = 2.5

Since c · E(X) = E(c · X) for all c ∈ R and 120
2.5 = 48, R. has to play 48 rounds of this game to

gain £120 in expectation. (2 P)

c) A game of chance is fair, if all players have an expected value (including all their possible fees
and gains) of zero. We need to adjust the prices according to the odds of R. winning. Let x be
the R.’s fair price, then L.’s fair price has to be (20 − x). Assuming fairness of the gamble, we
calculate x:

0.625 · (20− x)− (1− 0.625) · x = 0

⇒ 12.5− x · 0.625− x · 0.325 = 0

⇒ 12.5− x = 0

⇒ 12.5 = x

(1.5 P)



(4) We can represent both questions with drawing without replacement from an urn. For the first question
we draw 3 times from an urn that contains 52 unique elements. For the second question we draw 3
times without replacement. However, when we are counting the number of all the possible outcomes it
is as if we are counting the possible draws from an urn that contains 43 unique elements, but when we
are counting the favourable outcomes it is as if we are counting the possible draws from an urn that
contains 4 unique elements in different quantities. (1 P)

a) Because the order doesn’t matter we just use the binomial coefficient. There are
(
52
3

)
= 22100

different possible three-card hands. (2 P)

b) There are 43 texts in total. Hence I can randomly choose 3 books in 43 · 42 · 41 ways. I can choose
a physics text in 5 different ways, for each of which I can then choose a mathematics text in
16 different ways, and finally a poetic text in 4 different ways. This gives me 5 · 16 · 4 favorable
combinations. Because I’m interested in an exact order, there is only one desirable permutation
of the three chosen text. Hence, the probability of favorable “draw” is 5·16·4

43·42·41 ≈ 0.0043. (2 P)

I can reason differently as well. The probability of first choosing a physics text is 5
43 . The (con-

ditional!) probability of then choosing a mathematics text is 16
42 . And finally the (conditional)

probability of choosing a poetic text from the remaining texts is 4
41 . The probability of all three

events happening consecutively is given by the product of the aforementioned probabilities and
is equal to 5·16·4

43·42·41 .

(5) Let A and M stand for Anna and Mónica, respectively. Consider three possible answers:

a) Count the number of permutations in which there’s at most 1 person between A and M. In such
case, A and M either sit together (two possibilities: AM or MA), or somebody sits between them
(two possibilities: A*M or M*A), in each case there are 6! ways to arrange other 6 people. This
gives us 6!·4 permutations. The number of all possible arrangements is given by 7! (8! permutations
of 8 people, divided by 8 – the number of circular transformations of the same permutation). The
probability of A and M sitting together or having at most 1 people in between is thus 6!·4

7! = 4
7 .

Finally, the answer is given by 1 − 4
7 = 3

7 . (2 P for the correct answer + 3 P if the reasoning
process is well explained)

b) Let one sister sit wherever at a random spot. The other sister will take any other spot with
probability 1

7 . There are three sits such that at least two people will be sitting between them,
hence the probability is 3 · 17 = 3

7 .

c) Flatten the circle in an enumerated array (indexed from 0 to 7), now if there’s at least 2 people
sitting between A and M, then the absolute value of the difference between their indices modulo
7 has to be 3,4 or 5. There are 7 possible results when applying mod 7 to an integer. Hence, 3 out
of 7 outcomes are favorable, in other words the probability is 3

7 .

(6) Since I believe that B has nothing to do with A (independence of A and B), I don’t believe either that
B has anything to do with ¬A. Thus, I believe that P (¬A | B) = P (¬A) = .3 6= 0.8 = 1−P (A). Here,
are my believes clearly violating the Kolmogorov Axioms. (2.5 P)

You can buy bets from me on A for 0.2 units and on ¬A for 0.3 units which I both consider to be fair.
Altogether, you have to pay me 0.5 units for the two bets. However, either A or ¬A have to be the
case (at least in classical logic) and I’ll have to pay 1 unit to you. Thus, you make a profit of 0.5 units
and Dutch Booked me. (2.5 P)

If you want to see a more convincing version, ask Ainsley or the other people who attended the tutorial.


